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ABSTRACT Phase equilibria in block copolymer (AB) + homopolymer (A) blends are considered theoretically 
in the strong segregation limit. The effect of homopolymer molecular weight is analyzed. In particular, the 
following are shown: (i) Long enough A-homopolymer chains (Nh >> Nhc) are incompatible with stretched 
A-blocks so that homopolymer and block copolymer should be space separated in any morphology. (ii) 
Interaction between copolymer micelles in the region Nh >> Nhc crucially depends on homopolymer molecular 
weight. For Nh < Nh* interaction of copolymer micelles of any geometry is purely repulsive (here Nh* >> 
Nhc). On the other hand, micelles strongly attract each other (at not too short distances) if Nh > &*. 
Separation of the system into two phases (block copolymer and homopolymer) is predicted as a result of this 
attraction. (iii) Addition of A-homopolymer to an AB-copolymer system with minor A-blocks resulta in a 
shifting of the regions of stability of the cylindrical and spherical morphologies toward more symmetric 
copolymers (smaller fraction of major B-blocks). In particular, the spherical morphology with matrix B-blocks 
could be the most favorable even if the volume fraction of the B-component is nearly 50%. 

1. Introduction 
Systems of block copolymers are of considerable interest 

in particular due to their remarkable structural and 
mechanical pr0perties.l One of the most characteristic 
features of these systems is their ability to form spatially 
periodic microphase-separated  structure^.^^^ The corre- 
sponding phase transitions for block copolymer (AB) + 
homopolymer (hA) mixtures have been extensively studied 
both experimentall4-s and the~retically.~-'~ Note, how- 
ever, that most of the theoretical works have addressed 
the so-called weak segregation limit (slight inhomogeneity 
of distributions of A- and B-links) first considered by 
Leibler.15 In the current paper I present a theory for micro/ 
macroseparation in the opposite strong segregation limit 
(see, e.g., ref 3) which is sometimes closer to the exper- 
imental situation. Considerable attention is paid to the 
effect of homopolymer molecular weight. Critical micelle 
concentration for the system with shorter homopolymers 
in SSL was also considered theoretically by Leibler et al.44 

The paper is organized as follows. In the next two 
sections extremely asymmetric block copolymers (with 
minor B-blocks) are considered. This case is important 
(although probably not realistic) since here it is possible 
to arrive at  a detailed picture of phase transitions in a 
fairy analytical way (see section 3). After that, we turn 
to the more realistic case of not very asymmetric copol- 
ymers. The problem of interaction between two lamellar 
(cylindrical, spherical) copolymer micelles is analyzed in 
section 4. The phase behavior of the copolymer-ho- 
mopolymer mixtures is considered in section 5, the last 
part of this section being devoted to copolymers with minor 
A-blocks (here somewhat unexpected morphological ho- 
mopolymer-induced transitions are predicted). 

2. Highly Asymmetric Block Copolymers: 
Interaction of Micelles 

Let us consider a mixture of homopolymer (A) and block 
copolymer (AB). The free energy density of the homo- 
geneous system is 

F = (9/N) In ($ /e )  + ((1 - @)/Nh)  In ((1 - 4)/e) + 
Xfd41- f @ J )  

* Permanent address: Physics Department, Moscow State Uni- 
versity, Moscow 117234, Russia. 

where N = N A  + NB is the total number of links per AB- 
copolymer, Nh is that per homopolymer chain, = & is 
the mean volume fraction of copolymers, x is the Flory 
interaction parameter, and f = N B / N  gives the copolymer 
composition. Here we assume that the volumes per A- 
and B-link are equal and are taken as a unit volume: U A  
= UB = 1; also kTis taken as an energetic unit. In addition, 
let us assume that XNB >> 1 (strong segregation limit) and 
that B-blocks are much shorter than A-blocks:I6 

f << (xN,)-' << 1 (2.1) 

The chemical potential of block copolymer chains is 

p = N [ ( 1 -  4)(iW/a4) + F1 
-(N/Nh) + In (4) + xNB (2.2) 

Here we take into account that 4 << 1 (see below). 
As the concentration of copolymer chains, 6, increases, 

they will tend to aggregate and form spherical micelles,13 
consisting of a B-core (of radius R )  and an A-shell (Figure 
1). B-blocks in the core should be highly stretched since 
XNB >> 1. The same is true for the inner parts of the 
A-blocks in the shell (the coat).17 The effective energy of 
a micelle is just the stretching energy of the B-blocks in 
the core plus that of the A-blocks in the coat plus the 
energy of the A-B interface. Under the restrictions 
mentioned above, the energy is nearly equal to that of a 
spherical micelle in the pure block copolymer melt'' 
provided that homopolymers do not penetrate into the 
core or coat: 

Fsph(Q) = 
Q(1.74x2/12 + 3a0.5/x + 0.5 In (a) + In (llf)] (2.3) 

where 

Q = (4?r/3)R3/NB (2.4) 

is the number of copolymer chains per micelle, x = 
R/(NBO.~U), and a = XNB. Here we assume that the A- and 
B-chains are characterized by the same statistical 
lengths: bA = b g  = 6°.5a (so that, e.g., the mean square 
end-bend distance of the whole block copolymer is 6Na2). 
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(2.31, this condition could be represented as cc > kcmc 

pcmc = In (l/b + 0.5 In (a) + 2.06ali3 (2.10) 
Therefore the critical micelle concentration (cmc) 

4cmc = exP(-a + N/Nh + ~ c m c )  

is exponentially small for large a. That is why we have 
assumed at  the beginning of this section that $ << 1 in the 
homogeneous state. 

Now let us consider the interaction between two 
spherical micelles in an otherwise homogeneous system. 
Let r12 be the distance between the centers of the micelles. 
The most interesting range corresponds to 1-12 - Rcorona 
(see below; the interaction energy here is not small since 
Q is large). We have already shown that copolymer chains 
in the corona should be Gaussian (under the condition 
(2.8)). Note that exactly the same arguments could be 
applied to a pair of micelles with somewhat overlapping 
coronas. Therefore the distribution of copolymer links in 
the vicinity of the micelles is nearly the sum of the 
distributions for two virtually isolated micelles: 

409 = + 40(r - rI2) (2.11) 
where &(r) is the volume fraction of A-links attached to 
an isolated micelle a t  the distance r from its center. We 
could consider $o(r) as the volume concentration of links 
of Q Gaussian chains attached by their ends to the point 
r = 0 since the core radius R << R,,,,. Taking into account 
that NA = N, we get for the Fourier image of $o(r) 

= QND- exp(-u)l/u (2.12) 
where u Nk2a2. 

Obviously, the homopolymer links in the vicinity of the 
micelles should be also redistributed in order to fit the 
incompressibility condition, $h = 1 - $(r). The energy of 
interaction of micelles is now mainly due to this inho- 
mogeneity of homopolymer distribution. Note also that 
apart from the core-coat region (which could be neglected 
because its relative volume is very small) the inhomoge- 
neity of distribution of homopolymer links is small since 
$(r) - I] << 1. Using the RPA methodla and taking into 
account inhomogeneity as a perturbation we write the 
conformational free energy of homopolymer chains as 
(compare with ref 15) 

U 

Figure 1. An isolated spherical micelle (Ne << NA); region 1 is 
the core filled by stretched B-blocks, region 2 the coat of stretched 
A-blocks, and region 3 the corona region, where the volume 
fraction of A-blocks attached to the micelle, q ,  is small. 

Minimization of F,,h(Q)/Q over x gives 

X = 2.18~~"~;  R XNB1I2a; 
Q = (47r/3) ( 2 . ~ ~ )  (aNB) 1'2a3 (2.5) 

The characteristic energy of stretching per link in the core 
or coat is of order tl  - R2/(NB2a2) - ff1I3/N~. Ho- 
mopolymer chains will not penetrate into the core (or into 
the most stretched part of the shell) provided that Nhcl 
>> 1, i.e. 

Nh >> Nflali3 (2.6) 
Note, however, that homopolymers do penetrate into the 
outer part of the shell (the corona), where the volume 
fraction of A-blocks, I], is small (see Figure 1 and compare 
with ref 17). 

In what follows we will assume that homopolymer chains 
are long enough so that the condition (2.6) is fulfilled. 
Shorter homopolymer chains should be able to penetrate 
into the core of a micelle; short enough homopolymers 
will behave as a solvent. However, we are not going to 
consider these intermediate regimes here. 

Depending on the homopolymer molecular weight, the 
A-blocks in the corona might be stretched or they might 
not be stretched. Let us assume that they are not stretched 
(so they are nearly Gaussian) and verify this assumption. 
As was shown in ref 17 for a pure block copolymer melt, 
the lion's share of the outer A-blocks should be just in the 
corona part of the shell (provided that condition 2.1 is 
fulfilled). The effect of homopolymers could result only 
in an increase of the fraction of A-blocks in the corona. 
Therefore the size of the corona should be of the order of 
the Gaussian size of the A-blocks, RCOrOna - N A ' . ~ ~  >> R. 
Thus, the copolymer volume fraction in the corona is 

9 - QNA/R~orona - Q/(p5a3)  - ( L Y ~ ~ O . ~  << 1 (2.7) 
The energy needed to disturb appreciably the Gaussian 
conformations of the A-blocks (in the corona) is of the 
order of l(kT) per block, so Fdeform - Q in total. The 
characteristic energy associated with the redistribution of 
homopolymer chains (their partial removal from the corona 
part of the micelle) is of the order 

Fhomo - R;oronaq2INh - QqNINh 
The corona parts of the A-blocks will be nearly Gaussian 
if Fhomo << Fdeform, Le. 

Nh >> N(fff)O (2.8) 
Note that the condition (2.8) is stronger than (2.6); it will 
be assumed here and below until the end of section 3. 

E(Q) = Fsph(&)  - PQ (2.9) 
Formation of a micelle is favorable if E(Q) < 0. Using 

The thermodynamic potential of a Q-micelle is 

where FO is the free energy of the homogeneous state and 
fD(k2a2Nh) is the Debye scattering function for Nh-chains 

fD(uh) = (2/u,2)(uh- 1 + exp(-uh)) (2.14) 
Here A$h(k) is the Fourier image of the function &(r) - 
1 = -q5(r). 

Using eqs 2.11-2.14, we get the effective interaction 
energy of two micelles: 

Fint(r) = 0.5Q2Ns(1 - e+)'u-'[ 1 - 
exp(iqr) d3q/(2d3 (2.15) 

where u = q2a2N, Uh = q2a2Nh, and r r12. Note that eq 
2.15 for N h  = N coincides with that for the interaction 
energy of micelles in a pure block copolymer melt.lg The 
plots of the reduced interaction energy vs reduced distance 
are shown in Figure 2 for @ Nh/N = 0, 1.5, 1.75, m. The 
micelles always repel each other at short distances, the 
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On the other hand, for N << Nh we have X << Rh. 
Therefore now the free energy density should be propor- 
tional to  the square of the gradient of A4, F h  - (grad 
(A4)12 (see, e.g., ref 21). In the most important middle 
region the gradients due to both micelles, grad (A41) and 
grad (A&), almost compensate each other: grad (A&) + 
grad (A&) = 0, so that the free energy of interaction is 
now negative, giving rise to attraction between the micelles. 

The scheme used above could be easily generalized for 
an arbitrary number of micelles. The interaction energy 
in general is simply the sum of pair interactions (apart 
from some special cases of no importance). This is due 
to the “quadratic” structure of the general equation (2.13). 

3. Micelle Ordering for the Highly Asymmetric 
Case 

Let us consider the mixture AB + hA near the cmc. 
The thermodynamic potential of an isolated micelle could 
be rewritten as (see eq 2.9) 

E = -Q*7 (3.1) 
where T p - lcmc is assumed to be small (T  << 1) and Q* 
is the number of chains per critical micelle (at cmc) as 
given by eg 2.5. The concentration of micelles is deter- 
mined by F according to Gibbs statistics: 

c - exp(-n = exp(Q*T) (3.2) 
For negative T the concentration is very small (if 1.1 >> 

l/Q*); it increases sharply with T since Q* >> 1. At some 
(large enough) concentration interaction between micelles 
will force a disorder-order transition, resulting in “freezing” 
of micelles in some superlattice. 

Let us consider the corresponding transitions for the 
cases of long (Nh >> N) and short (Nh << N) homopolymer 
chains. 

Superlattice Formation for N h  >> N. As was shown 
in the previous section, the interaction energy of micelles 
reveals a minimum at  r = r*. It seems natural to assume 
that a t  the ordering transition micelles should form a 
superlattice with a period (more precisely, the distance 
between nearest neighbors) d ,  equal to r*. This is not the 
case, however. The most favorable period is much smaller 
than r*. At  first sight, that seems improbable since at 
distances r < r* micelles strongly repel each other 
(according to the l / r  “Coulomb” law). But note that the 
energy of repulsion at  short distances is almost exactly 
compensated by the attraction between more distant 
micelles (that is, the l l r  law is effectively screened for zero 
wave vector, k = 0). The unscreened part of the interaction 
energy is negatiue; its minimum (for a given mean 
concentration of micelles) corresponds to a body centered 
cubic (bcc) superstr~cture.’~ Now let us proceed in a 
quantitative way. 

The interaction energy (2.13) for a 3d periodic structure 
could be rewritten as (the constant term FO is omitted) 

I 
1 2 3 2 

C p *int 
I 

0 1  1 Z 

Figure 2. Dependence of the reduced energy of intaractions 
between two spherical micelles, fht = 1 6 ~ a ~ W ~ F h d Q ~ ,  on the 
reduced distance between their centers, z = r / ( 2 W 6 a ) ,  for 
different homopolymer molecular weights: 6 = NdN - (a); 
0 = 1.75 (curve 11, 0 = 1.5 (curve 2) (b); l i m , ~  ( 6 f d  vs z (c). 

asymptotic law for r12 << Rcorona being 

(2.16) 

For long homopolymer chains (Nh >> N) the function Fint- 
( r )  reveals a pronounced minimum at  r* - 2.7NO%. For 
r > r* micelles attract each other; the energy of attraction 

pint(r*)l = 0.066Q2/(8ra2r*) = l .8afa3p5 (2.17) 

is quite large for large N. 
As homopolymer chains become shorter, the depth of 

the minimum decreases appreciably; it almost disappears 
at&= 1.5N(seeFigure2b). So,forNhSNtheinteraction 
between micelles is purely repulsive.20 

The physical meaning of this repulsion/attraction could 
be understood as follows: Let us consider two limits N >> 
Nh and N << Nh. In the first case the typical scale of 
interaction X - W 2 a  is much larger than the spatial 
homopolymer size Rh - Nh1I2a. Therefore the free energy 
density, F h ,  due to the slightly inhomogeneous homopoly- 
mer distribution, $h = const + A4(r), must be proportional 
to A42. In the middle region between two micelles, the 
total A 4  is the sum of two roughly equal contributions 
from the micelles: A4 - 2A41, so that the free energy 
density&, - 4Aqh2 is larger than the s u m  of the free energy 
densities corresponding to isolated (noninteresting) mi- 
celles, FhcO) = 2A412. Thus the free energy of interaction 
is always positive. 

where V is the total volume of the ordered phase, Uh = 
k2a2Nh, and the sum runs over all wave vectors k of the 
reciprocal lattice. Note that for all k # 0 the parameter 
Uh is large, Uh >> 1 since N h  >> Nand Ikl>> l/r*. Therefore 
using eq 2.14, we can simplify eq 3.3: 
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corresponds to short-scale Coulomb interactions. Per 
micelle this term gives (see, e.g., ref 17) 

(3.5) 

where c = N/V is the concentration of micelles (N being 
the total number of micelles). The second term (Fid) is 
just the ideal gas free energy of homopolymers; per micelle 
it gives 

3 , h  = -0.23(Q2/4a 2 )c 113 

3, = (2NhNV)-1(A4h(0))2 = C(2Nh)-'Q2@ (3.6) 

since A&(k=O) = V(& - 1) = -cVQN. 
Equation 3.6 is valid provided that y E cQN << 1 (i.e., 

the mean volume fraction of block copolymer chains is 
small). It could be easily generalized for any cQN. The 
ideal gas free energy of homopolymer chains per unit 
volume is22 

pidl = & (&-,I + 1 - cbh (3.7) 
Therefore 

3, = (CNh)-'[(l -y) In (1 -y) + y], y E CQN (3.8) 

Note that eq 3.5 is still valid in the region cQN - 1 (the 
effective role of homopolymer chains being played now by 
the parts of the A-blocks separated by many periods from 
the mother micelle they are attached to). 

It remains to minimize the sum 

3int = 3sh + 3id 

with respect to c. The effective free energy of the 
superstructure (i.e., the free energy of the whole system 
including the superstructure minus the free energy of the 
homogeneous system) is 

F = N(Fi,, - QT) 
The ordered phase will appear just as F becomes negative, 
at 

rc = min Fi,,/Q 

In the region 1 << /3 = N d N  << (af)-'I3 we get 

7, = -0.75 x 1 0 - 2 p 5 ~ / ( ~ 0 5 ~ 3 )  = -0.325(bafi0.5 (3.9) 

Note that lrcl << 1 but IrclQ >> 1. Therefore the micelle 
concentration in the homogeneous phase (at r = rC) should 
be extremely small. Thus at  7 = T~ a sharp first-order 
transition from a very dilute gas of micelles (with c - 
exp(-Q*1rC() to a bcc superstructure occurs. The copolymer 
volume fraction in the gas phase isz3 

$1 e @cmc(l- 17cl) i= +,mc 

In the bcc phase the copolymer volume fraction is much 
larger: 

$2 i= cQN = 0.32(~~/3~f)"~  (3.10) 

butall the same 42 << 1. For larger Nh, in the region Nh 
5 Nh = N ( ~ t f ) - ~ / ~ ,  the homopolymer volume fraction in 
the orderedghase decreases appreciably: '#Jh ,= 1 - 42 - 
0 for Nh >> Nh. The dependence of (fJh on N@$, is shown 
in Figure 3a; the function Tc/lTc(Nh)l vs NdNh is plotted 
in Figure 3b. 

Ordering of Micelles for Nh << N. Now let us assume 
that homopolymer chains are much shorter than copol- 
ymers (however, the inequality (2.8) is still assumed). 
Equation 2.15 for the interaction energy in this region 

I 

' 0  10 Iih/Kh 

Figure 3. Dependence of the homopolymer volume fraction, &,, 
in the bcc superstructure of spherical domains (in equilibrium 
with the homopolymer phase) on the reduced homopolymer 
molecular weight, NdNh (a); dependence of the reduced chepical 
potential of copolymer_ chains at the transition point, rC/rc, on 
Nt,/2tht where rc E ITc(Nh)( (b). 

could be simplified as 

Fin&) = (Q2/(~a3N05))z-1[+(z/20~5) - +(z)l (3.11) 
where z = r/(2N0.5a) and 

+(z)  = 
(0.25 + 0.5z2)(1 - erf (2)) - (2/(27~'.~)) exp(-z2) (3.12) 

The interaction energy Fint is always positive. Thus the 
ordering transition should be expected for 4 > 4cmc. In 
this regime the concentration of free copolymer chains 
(not connected to micelles) is almost fixed at  4cmc) the 
concentration of micelles being24 

c = (4 - $ c m J / ( Q N  (3.13) 

As the concentration of micelles increases, the typical 
energy of interactions per micelle also increases; a t  some 
critical concentration c* micelles will freeze into some 
superlattice. It was checked numerically that the most 
favorable structure of the ordered phase (near the tran- 
sition point) is the face centered cubic (fcc) phase. Led 
d* be the distance between the nearest neighbors in the 
ordered structure (at the transition point); then 

c* = 20.5/d*3 (3.14) 
At  the order-disorder transition the energy of interactions 
per micelle should be of order kT, i.e. 

6Fi,,(d*) - 1 (3.15) 
where 6 is one-half of the number of nearest neighbors in 
fcc. Using eqs 3.11, 3.14, and 3.15, we get 

c* = 0.18/(N'.5a3z*3) (3.16) 
where z* is determined by the condition 

z * ~  exp(z*'/2) = 700~~IV('~~((uf/P) >> 1 (3.17) 

As the concentration of micelles, c, is further increased, 
the second first-order phase transition, fcc - bcc super- 
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between the regions of stability of the lamellar and 
cylindrical structures, tic, is now 

fi, = 0.299 
Thus it is only 5 5% larger than the approximate one Cfl, = 
0.283). 

Now let us consider interactions between two micelles 
and begin with the simplest lamellar case. The interaction 
of two lamellae in a mixture with very long homopolymer 
chains has already been con~ ide red .~~  For the case of 
arbitrary Nh (yet satisfying the condition (4.2)) thegeneral 
scheme is exactly the same. I outline it here briefly. The 
characteristic scale of the interactions is determined by 
the thickness f of the interpenetration layer betwen the 
lamella (A-blocks) and the surrounding homopolymer (see 
Figure 4a). The free energy of this layer per unit area of 
the lamella is 

(4.4) 
where AFh) is the conformational free energy due to 
nonuniform homopolymer distribution and A F C )  is the 
copolymer contribution. We represent AFh) as 

= &h’ + e’ 

a h4 

Figure 4. “Dry” lamellar micelle consisting of a B inner part 
(core) and a corona (of thickness hA) filled by stretched A-blocks; 
homopolymer chains can only slightly penetrate into the corona, 
the interpenetration layer thickness, t ,  being much smaller than 
hA (a). Two lamellae at the distance d (b). 

structure, occurs a t  

c** = 0.025/(N1.5a3) (3.18) 
for c > c** ,  the bcc structure being always the most 
favorable. 

4. Interaction of “Dry” Micelles 
So far we have been considering micelles with a “dry” 

core filled by stretched B-blocks and a “wet” corona, where 
some parta of the A-blocks are not stretched. This 
situation corresponds to the regime a = XNB >> 1, af << 
1. Now we are going to consider another asymptotic limit 
of completely “stretched” micelles: 

f f f  >> 1 (4.1) 
More precisely, we assume that CY is a large parameter (a 
>> 1) andfis not v e r y ~ m a l l . ~ ~  We also assume that micelles 
are (almost) completely dry Le., homopolymer chains 
cannot penetrate into the shell (corona) or the core of a 
micelle (Figure 4a). The corresponding condition is (the 
derivation being exactly the same as for eq 2.6) 

N h  E ON >> N h c  = N/ff1/3 (4.2) 
Under these conditions ((4.1),(4.2)) the free energy of 

the micelle is virtually not influenced by the presence of 
homopolymer chains; so it should be the same as for the 
pure block copolymer melt.17 Using this fact, the critical 
chemical potentials a t  the cmc were obtained in refs 26 
and 27 for different micellar geometries (spheres, cylinders, 
and lamellae): 

= 2 . 0 6 ( ~ N f ) ~ / ~ ( l -  0.57f’/3)1/3 (4.3) 

The corresponding regimes of stability as obtained from 
eqs 4.3 are f < 0.13 (spheres), 0.13 < f < 0.28 (cylinders), 
and 0.5 > f > 0.28 (lamellae) (the case f > 0.5 will be 
considered in the next section). 

Note that eq 4.3 for p:: is asymptotically exact. On 
the other hand, &, and pt”,”, were obtained using the 
Alexander-de Gennes approximation for the micelles’ 
shells (that is, it was assumed that all free ends of the 
A-blocks are attached to the outer surface of the shell; see 
ref 28 for more details). In order to estimate the ultimate 
error due to this approximation, I have calculated p g c  
using (asymptotically) exact results for the energy of the 
cylindrical The recalculated (exact) boundary 

where 4 h  = &(Z), the z-axis being normal to the lamella’s 
surface. The first gradient term gives the short-scale 
contribution; the second (ideal gas) term is important for 
larger inhomogeneity scales 

Fid(4h) = (l/Nh)dh (4.6) 
Equation 4.5 is asymptotically exact for characteristic 
inhomogeneity scales h >> NhO% and h << NhO“a; in the 
general case, it presents a good enough approximation 
(see, e.g., ref 29). 

The copolymer term, A W ,  could also be represented as 
a sum of short-scale and long-scale contributions; for a 
surface (interpenetration) layer of an isolated micelle we 
getz7 

~ ; U A ( Z ) [ ~ A ( Z )  - 4A(box)(~)1 dz (4.7) 

Here ~ A ( Z )  is the copolymer volume concentration at  the 
point z and UA(Z) is the parabolic molecular field forcing 
the stretch of the A-blocks (in the shell of the lamella)n930 

UA(Z) = (r2/16)(z -z1)2/(Npa2) (4.8) 
where z1 is the coordinate of the nearest B-core/A-shell 
interface (see Figure 4a). The second term on the right- 
hand side of eq 4.6 accounts for the additional energy of 
the elastic elongation of the A-blocks in comparison with 
ita minimum value corresponding to a boxlike distribution 
of links: 

+A(bO*)(Z) = H(z-2,) H(zl+h*-z) 
where hA is the thickness of the A-shell, and H(.) is the 
Heaviside function. Again eq 4.6 is asymptotically exact 
for large-scale and short-scale inhomogeneities (A >> f ,  h 
<c ‘$1. 

Minimization of AF (eq 4.4) for an isolated lamella was 
performed using a trial function of the form31 

~ A ( Z )  = 0.511 - t m h  ( ( 2  - 21 - h ~ ) / f ) ]  
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For N h  - a the result is27 

e* = (48/1r4) 1/3a(aNA2/hA) (4.9) 

a ~ ”  = 0.75a2/5* (4.10) 
The result (4.9) is in agreement with that of ref 32. Note 
that under the conditions (4.1) the interpenetration layer 
is much thinner than the lamella itself 

f* << hA i= 2(3/1r2)(1 - f l a p  5cY1/6 

(one can easily get the last equation from the results of ref 
17). 

Interaction between micelles can be considered in a 
similar way. The energy of interaction (per unit area) is 

Fi,t(d) = F ( d )  - F ( a )  
where 

F ( d )  = min ( B e ’ ( [ )  + Mh’([,d)] (4.11) 

Here d is the distance between the outer surfaces of the 
lamellae (see Figure 4b), 5‘ is now dependent on d,  and 
AFh)( f ,d )  is given by eq 4.5 with 

F 

&(Z) = 0.5Etanh ( (2  - 21 - hA)/f) + 
tanh ((d + Z1 + hA - 2 ) / 5 ) ]  (4.12) 

Plots of Fint vs d for different N h  are shown in Figure 
5 using reduced variables. Note that for long homopolymer 
chains ( N h  > Nh*) the interaction is attractive at large 
distances; the critical number of links per homopolymer 
chain is 

Nh* 2(5*/a)2 e 1 . 2 6 ( ~ N ; / h ~ ) ~ / ~  (4.13) 

For Nh < N h *  the interaction is always repulsive. These 
features qualitatively coincide with those obtained in 
section 3 for the interaction of spherical micelles. A weak 
attraction between two brushes due to partial penetration 
of long homopolymer chains into the middle region was 
also predicted in ref 45. 

Note that for short homopolymer chains, Nh << Nh*, 
the thickness of the interpenetration layer I(&) is much 
larger than both f* (corresponding to Nh - a) and the 
Gaussian size of the h-chains, Therefore the 
gradient terms in eqs 4.5 and 4.7 could be omitted (for Nh 
<< &*I; also these equations become asymptotically exact. 
Moreover, the minimization of the interaction energy could 
be now performed analytically, the result being 

Fi,t(d) = 
Fint(O)[1 - (d/d*)2 + 2(d/d*) In (d /d* ) l ,  
where 

d < d* (4.14) 

d* = (16/1r2) a2NA2/(hANh) = 1.6[*(Nh*/Nh) (4.15) 

Note that condition 2.6 is still assumed: eqs 4.14 and 4.15 
are valid in the intermediate regime Nh* >> N h  >> N/a1f3. 
The exact dependence (4.14) is compared with the 
approximate one obtained using trial functions (see eq 
4.12) in Figure 5d. 

The interaction energy between two spheres or cylinders 
could be reduced to that for the lamellar case using the 

a 

b 
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d 
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Figure 5. Dependence of the reduced interaction energy between 
two lamellar micelles, FhJ hFr, on the reduced distance between 
them, d / [ * ,  for different molecular weights of homopolymer 
chains: Nh/Nh* = 1.54 (a); Nh/Nh* = 1.23 (b); Nh/Nh* = 0.82 (c). 
Asymptotically exact (for Nh << Nh*) plot of FhJFht(0) vs d/d* ,  
curve 1; approximation obtained using trial functions (4.12), curve 
2 (d). 

Derjaguin appr0ximation,3~ which is valid since the 
interpenetration layer thickness is much smaller than the 
micelle’s diameter D. In all cases we have found attrac- 
tion + short-scale repulsion for long homopolymer chains 
and pure repuleion for the short ones. The critical 
homopolymer molecular weight is always determined by 
eq 4.13; however, the shell thickness, h A ,  depends on the 
micellar geometry. Substituting the particular expres- 
sions for hA (which could be easily obtained from, e.g., the 
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results of ref 17) into eq 4.13, we get 

Nh* = 1.03(1- f)2/3N(~N)-1’9 
for lamellar micelles (4.16a) 

for cylindrical micelles (4.16b) 

Nh* = 0.68(1 -f)4/3N(xN)-1/9f’/9(1 - f 5 ) - 2 / 3  )( 

(1.645 - In (f))2/9 

Nh* = 0.66(1 -fi4/3N(xN)-1/9f2/9(1 - f1/3)-2/3 )( 
(1.74 - f1/3)2/9 for spherical micelles (4.16~) 

5. Phase Diagram in the Strong Segregation 
Limit (SSL) 

Minor B-Blocks. Using the results obtained in the 
previous section, we are in a position now to predict (at 
least qualitatively) the phase behavior of a copolymer- 
homopolymer mixture in the SSL (specified by condition 
4.1). We will also use condition 4.2. Let us consider first 
the case of not very long homopolymer chains, Nh < Nh*, 
i.e. 

N(xN)-l13 << Nh d N(xN)-’/’ (5.1) 
The critical micelle concentration (cmc) is determined now 
by eqs 4.3 and 2.2. Note that 4cmc is exponentially small 
in the SSL. The volume fraction of micelles 4mic is nearly 
equal to 4 - 4cmc (since the micelles are dry) ,  or 4mic = 4 
if we neglect The micellar geometry is primarily 
determined by the composition of the copolymer chains, 
f (see section 4), and not by the total fraction of B-links, 
f4. 

Note that spherical micelles are essentially hard spheres 
(since their interaction is purelyrepulsive within the range 
E ,  which is much shorter than the micelle’s diameter). Thus 
we should expect an ordering (gas-crystal) transition 
(freezing of these spheres into a fcc superlattice) a t  4 = 
0.5-0.55.34 Cylindrical micelles are similar to long semi- 
rigid persistent macromolecules with diameter D - 
~ i V ‘ . ~ ( x N ) l / ~  and persistence length 1 - a4N2~.35 Thus 
nematic ordering of these cylinders is expected at38 

4 - Dl 1 - U-~N-O’~(XN)-~/~ << 1 (5.2) 
As block copolymer volume fraction is further increased, 
the cylinders should form a triangular superlattice. One 
should expect this transition at  4 - 0.5 (as for spheres; 
I am not aware of any detailed analytical theory or 
simulations concerning this type of transition). Trans- 
lational ordering of lamellar micelles should also occur a t  
4 - 0.5. 

Let us consider now the case of long homopolymer chains 

(5.3) 
In this regime micelles attract each other and therefore 
they should readily separate and form a copolymer-rich 
superstructure, the copolymer volume fraction in another 
(“homopolymer”) phase being extremely (exponentially) 
small (compare with section 3). The superstructure of 
the spherical (cylindrical) morphology is shown schemat- 
ically in Figure 6. At  equilibrium, copolymer domains 
should prefer to retain their symmetric spherical (cylin- 
drical) shape, thus leaving gaps (interstitial regions) filled 
by homopolymer chains. The reason is that the energy of 
the copolymer-homopolymer interfaces (see Figure 6) is 
much lower than the energy of the additional elongation 
of the copolymer chains that should be produced to fill 
the gaps by the copolymer. The volume fraction of gaps 
in a closed-packed spherical superstructure is & = 1 - 
~ ( 2 0 . ~ / 6 >  = 0.26; in the hexagonal cylindrical superstructure 
f#)hc = 1 - (~/2)3O.~ = 0.09. Obviously, the solubility of 

Nh > Nh* - N(xN)-’/’ 
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/ ‘ A ‘ ,  

i 
Figure 6. Spherical (cylindrical) micelles ordered in a close- 
packed superstructure: (1) B-core; (2) A-corona; (3) interstitial 
region filled by homopolymer chains; (4) interface between 
stretched A-blocks and A-homopolymers. 

h 

I I I 1  I 
h+l 

I 
I 7h I h+* h+c ’ h+l 

I 

Figure 7. Phase diagram of the copolymer-homopolymer blend 
for the case of long homopolymer chains, N h  > Nh*;  1 = lamellar 
phase, c = cylindrical phase, s = spherical phase, and h = 
homopolymer phase. 

homopolymer in these (spherical, cylindrical) superstruc- 
tures is limited by 4hs and 4hc  correspondingly; moreover, 
the homopolymer is not soluable a t  all in the lamellar 
copolymer superstructure since there are no gaps in the 
lamellar case (more precisely, the homopolymer volume 
fraction in the lamellar phase should be exponentially smal l  
if conditions 4.1 and 4.2 are satisfied). 

The phase diagram of the system (for f < 0.5) is shown 
schematically in Figure 7. Note that as homopolymer 
volume fraction increases (starting from zero), the phase 
equilibria between the cylindrical and lamellar morphol- 
ogies shift to larger f. The same is true for the spherical- 
cylindrical transition. This is simply because for larger 
f$h homopolymer is more effective in filling the gaps, thus 
decreasing the free energy of the cylindrical phase (but 
not the lamellar phase). For the spherical morphology 
the gaps are somewhat wider and so the effect of 
homopolymer is more pronounced than for the cylindrical 
case. 

Major B-Blocks. For f > 0.5 (B-blocks longer than 
A-blocks) we should consider the possibility of inverse 
morphologies with homopolymer imide the cylindrical or 
spherical domains.39 Again the energy of the interfaces 
between the A-blocks and A-homopolymers is much less 
important than the “elastic” energy of elongation of the 
blocks. To minimize this “elastic” energy, homopolymer 
chains should occupy the central regions of the spheres or 
cylinders (see Figure 8b). The free energies of the 
corresponding lamellar, cylindrical, and spherical struc- 
tures were calculated following the approach of ref 17 (in 
particular, using the “spherical” approximation for the 
Wigner-Seitz cell and also assuming that the free ends of 
the B-blocks are localized at  the outer surface of the cell). 
The particular expressions for the free energies are rather 
lengthy; we omit them here. 

The calculated phase diagram in f (composition)-& 
(homopolymer volume fraction) variables is shown in 
Figure 9. Note that addition of A-homopolymer increases 
the mean volume fraction of minor A-component. There- 
fore one might expect that homopolymer will induce a 
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(C) 

Figure 8. One half-lamellar copolymer sheet (a); the cylindrical 
(spherical) micelle with a hole (H) inside obtained as a result of 
bending of the sheet (the hole might be filled by homopolymer 
chains) (b); the pure copolymer micelle (without a hole) (c). 

0.4 

% 

0.2 

0 

h + l  

Figure 9. Phase diagram of the copolymer (AB)-homopolymer 
(A) system for the case f > 0.5 (major B-blocks). The phases are 
denoted as in Figure 7. 

transition from spherical to cylindrical or from cylindrical 
to lamellar morphology. The phase diagram in Figure 9 
shows, however, that the real situation is quite the 
opposite: the effect of homopolymer is revealed as a shift 
in the lamellar-cylindrical and cylindrical-spherical mor- 
phological transitions to lower values off, corresponding 
to relatively longer A-blocks. Note also that for f 5 0.685 
the cylindrical morphology disappears altogether, but the 
spherical morphology still exists (in some range of &,) for 

For example, for f = 0.65 pure block copolymer melt 
should have a lamellar structure; however, after addition 
of a small amount of homopolymer the system should 
readily separate into two macrophases (lamellar and 
spherical), the homopolymer being ‘captured” by the 
spherical phase (the concentration of homopolymer in the 
lamellar phase is extremely small). As $h increases, the 
relative volume of the spherical phase also increases 
(linearly in r#J& a t  f$h = 0.22 the lamellar phase disappears. 
A one-phase region of spherical morphology corresponds 
to 0.22 I I$h I 0.27; for f#q, > 0.27 the system should again 
separate into two macrophases, one being pure homopoly- 
mer and the other microphase separated. For comparison, 
the following phase behavior is predicted for f = 0.75: 0 
< 4 h  < 0.025 corresponds to one macrophase with 
cylindrical morphology, 0.025 C $hh < 0.055 corresponds 
to two macrophases (cylindrical and spherical), 0.055 < $t, 

0.63 c f c 0.685. 

< 0.13 corresponds to one spherical macrophase, and 0.13 
< $h < 1 again corresponds to two macrophases (spherical 
and pure homopolymer). 

Now let us try to answer the question of why ho- 
mopolymer stabilizes the cylindrical and particularly the 
spherical morphologies. Let us consider one half-lamellar 
sheet formed by not very asymmetric copolymer chains. 
If we bend the sheet in one (or two) direction(&, we will 
get eventually a cylinder (or sphere) with a hole inside 
(Figure 8a,b). For high enough bending curvature the 
hole should collapse to the central point so that we get a 
cylindrical (spherical) micelle similar to that in a pure 
block copolymer melt. Note that if we have a possibility 
to fill the hole (see Figure 8b) by A-homopolymer, then 
the surface energy of the hole would reduce appreciably 
and could be neglected. For this case it is natural to assume 
that (in some range of compositions) the curved sheet with 
a hole would be more favorable than the plain sheet or 
extremely curved sheet (see Figure 8c). In fact, using the 
results of ref 42, it is easy to prove that it is always the case 
for nearly symmetric block copolymers, bending in two 
directions (giving rise to the spherical morphology) being 
the most favorable. Therefore homopolymer being added 
to a microphase-separated block copolymer system could 
induce transitions from lamellar to cylindrical and spher- 
ical structures where homopolymer chains fill the central 
regions of the corresponding domains. 

6. Discussion 
In this paper we have shown that an AB-copolymer + 

A-homopolymer blend system in the strong segregation 
limit reveals complex phase behavior resulting from an 
interplay of possible macro- and microphase separations. 
This general result is in agreement with that obtained 
previously by Noolandi et al.9-11 for the lamellar mor- 
phology in the weak segregation limit. Another general 
conclusion is that (at least for the case of A-blocks longer 
than B-blocks) an increase of homopolymer molecular 
weight, M h ,  could induce macrophase separation of the 
system, one of the phases being almost pure homopolymer. 
In other words, the solubility of the homopolymer in a 
microphase-separated block copolymer structure drops 
sharply as M h  increases. This prediction is also in 
agreement with a previous result.1° 

The phase behavior of the blend in the strong segregation 
limit is primarily determined by the interaction of the 
copolymer micelles (of any geometry). We predict that 
this interaction is repulsive for shorter homopolymer 
chains, N h  C N h * ,  and attractive for N h  > N h * ,  where the 
critical number of links per homopolymer, N h * ,  depends 
on copolymer molecular weight, its composition, and also 
the X-parameter (see eqs 4.16). The repulsive interaction 
between spherical micelles was also predicted by Leibler 
and Pincus.13 Their results are not in disagreement with 
the present ones since at  least numerical examples in ref 
13 correspond to N h  < Nh*.  The same ( N h  C Nh*)  is true 
for the PS-PI + hPS blends studied experimentally in ref 
7 (apart from the only system with the largest homopoly- 
mer molecular weight, Mh = 30 x lo3). So i t  is not 
surprising that macroseparation of the blends (which is 
predicted in the region of attractive interaction of micelles) 
was not observed in ref 7. 

On the other hand, the observed‘ morphological changes 
induced by an increase of the homopolymer volume 
fraction, $I-, (lamellar - OBDD - cylindrical - spherical 
structure), are in complete disagreement with the present 
theoretical results. Here we predict that (in real SSL) 
changes Of &, do not induce and morphological transitions 
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at  all. A possible explanation of this disagreement is that 
the real systems studied experimentally were not in a 
completely equilibrium state since relaxation times of 
copolymer systems containing micelles should be extremely 
high.27i43 Therefore the observed morphology should be 
controlled by dynamics, and thus formation of just 
spherical micelles is predicted even for nearly symmetric 
block copolymer provided that the mean copolymer volume 
fraction is small enough.27 

We also predict that long enough homopolymer chains 
(see inequality (4.2)) which are dissolved in a cylindrical 
or spherical block copolymer structure should be separated 
from A-coronas of cylinders (or spheres) and fill the 
interstitial regions between them. This prediction is in 
agreement with SANS and SAXS observations for a PSPB 
+ hPS blend with a spherical morpholod (the idea of 
incompatibility between stretched PS blocks and un- 
stretched PS homopolymers was also discussed in ref 5). 

In the last part of the paper we have considered the 
phase behavior of AB + hA blend with A-blocks shorter 
than B-blocks. We have shown that an addition of 
homopolymer to the blend could induce lamellar - 
cylindrical - spherical morphological transitions. Note 
that from the purely geometrical point of view one should 
expect the opposite transitions (spherical - cylindrical 
-lamellar) since an increase of the homopolymer volume 
fraction results in a swelling of the inner parts (cores) of 
the domains. Thus these blends present another example 
where simple geometrical arguments (see, e.g., ref 7) are 
not valid. 
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